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CODIMENSION ONE SUBGROUPS AND 
BOUNDARIES OF HYPERBOLIC GROUPS 

THOMAS DELZANT AND PANOS PAPASOGLU 

Abstract. We construct hyperbolic groups with the following 
properties: The boundary of the group has big dimension, it is 
separated by a Cantor set and the group does not split. This 
shows that Bowditch's theorem that characterizes splittings of hy- 
perbolic groups over 2-ended groups in terms of the boundary can 
not be extended to splittings over more complicated subgroups. 



rj ! 1. Introduction 

Let G be a finitely generated group and let if be a subgroup of 
G. We say that if is a co-dimension 1 subgroup if Cq/H has more 
than 1 end, where Co is the Cayley graph of G. If G splits over H 
»^ , then one easily sees that H is co-dimension 1. The opposite is not 

^ ■ true, for example any closed geodesic on a surface group gives a cyclic 

cn . codimension 1 subgroup of the fundamental group of the surface. On 

i^ ! the other hand only simple closed geodesies correspond to splittings. 

The surface example can be generalized to CAT{0) complexes to 
Q ■ produce examples of codimension 1 subgroups: If X is a finite CAT{0) 

OO , complex of (say) dimension 2 and if i? is a locally geodesic track on X 

then the subgroup of G = 7ri(X) corresponding to i? is a codimension 
1 free subgroup of G. Wise ([H]) has exploited this idea producing 
/\ • codimension 1 subgroups for small cancellation groups. In the setting 

j^ ■ of small cancellation groups of course one needs some combinatorial 

analog for the convexity property of geodesies (or tracks) and Wise 
develops such a notion. Pride ([6]) has shown that there are small 
cancellation groups that have property FA, so such groups have codi- 
mension 1 subgroups but do not split. 

Stallings showed that if a compact set separates the Cayley graph of 
a finitely generated group G, into at least two unbounded components, 
then G splits over a finite group. Bowditch ([T]) showed something sim- 
ilar for hyperbolic groups: if the boundary dG of a 1-ended hyperbolic 
group G has a local cut point, then the group splits over a 2-ended 
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group, unless it is a triangle group. There have been other generaliza- 
tions of Stallings theorem similar in spirit. The general idea is that if 
a 'small' set (coarsely) separates the Cayley graph of a group then the 
group splits over a subgroup quasi-isometric to the 'small set'. For a 
precise conjecture see [TO] . 

The main purpose of this paper is to show the limitations of this 
'philosophy'. Given any n > 0, we produce an example of a hyperbolic 
group G, such that dim{dG) > n, dG is separated by a set of dimension 
(a Cantor set) and G has property FA (so it does not split over 
any subgroup). Our example is based on Wise's construction which we 
generalize to the setting of small cancellation theory over free products. 

2. Preliminaries 

Definition . A diagram is a finite connected planar graph. The faces 
of a diagram D are the closures of the bounded components of M^ — D. 

In what follows we assume always that each interior vertex (i.e. not 
on dD) of a diagram has degree at least 3. We can always achieve this 
by erasing all interior vertices of degree 2. 

We will need some small cancellation results about diagrams shown 
by McCammond and Wise in [2]. For the reader's convenience and 
also because our setting is slightly different we include these results 
here. These results strengthen classical small cancellation results (see 
e.g. i). 

We need some notation: If D is a diagram we denote by dD the 
boundary of the unbounded component of M^ — Z) (so if U is the un- 
bounded component of M^ — D, dD = U — U). We say that the diagram 
is non singular if dD is homeomorphic to S^. We say that an edge of 
D is interior edge if it does not lie on dD. 

If D is a diagram we denote by E, F, V respectively the total number 
of edges, faces and vertices of the diagram. 

We denote by E*, E° respectively the number of edges of the diagram 
that lie (do not lie) on dD. We denote by V^ the number of vertices 
on dD that lie in exactly one face and by V~ the number of vertices 
on dD that lie on more than one face. We denote by V° the number 
of vertices of D that do not lie on dD. We say that a diagram verifies 
the C(6) condition if every face of the diagram has at least 6 sides. We 
have the following version of Greedlinger's lemma (see [^): 

Lemma 2.1. Let D he a non singular diagram which verifies the con- 
dition C(6). Then V^ >V- + 6. 

Proof. We have the following inequalities: 
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QF < 2E° + E' 

This is because each face has at least 6 edges and each interior edge 
hes in at most 2 faces while boundary edges lie in one face. 

2E > 3V° + 3V- + 2V^ 

This is because each edge has at most 2 vertices and each interior 
edge has degree at least 3. 

Using Euler's formula and the first inequality we obtain: 

.r ^ ^ ^ E° E' 2E E' 

V = E-F+l> E + 1 = — + — + 1 

3 6 36 

We remark now that 

E' = V- + V+ 
Substituting E' above and using the second inequality for E we obtain 



V+ > 1/" + 6 



We recall some definitions from [2]: 



y- + y- 



+ 1 



D 



Definition . Let D be a non singular diagram. A face F of the diagram 
is called an z-spur if the intersection of F with the boundary of D is 
connected and exactly z-edges of F are interior edges of D. 

Definition . We say that a diagram D is a ladder if there are at most 
two faces F^ ^F^oi D such that D — Fx^D — F^ are connected while for 
every other face F oi D, D — F has exactly 2 components. 



Madder 



We have the following corollary from lemma 12.11 
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Corollary 2.2. Let D be a non singular disc diagram which is C(6) 
and contains no 3-spurs and at most two i-spurs for i < 2. Then either 
D has a single region or it contains exactly two i-spurs with i <2 and 
it is a ladder. 

Proof. We modify D as follows: if a face F oi D has more than 6 edges 
and it intersects the boundary we erase successively vertices of F that 
do not lie on any other face till F has 6 edges (or there are no more 
vertices to erase). Let's call Di the new diagram. Di is still a C(6) 
diagram. Di contains also no 3-spurs and at most two i-spurs for i < 2. 
We consider now a face F of Di that intersects the boundary and we 
see how it contributes to V~^, V~ . If F is not an i-spur then 2 vertices 
of F contribute to V~^ while at least 4 vertices of F contribute to V~ . 
So the total contribution of all such faces to the difference V^ — V^ 
is at most (note that the contribution is not necessarily negative as 
we count twice the V~ vertices as they lie in at least 2 faces). The 
contribution of an i-spur to the difference V~^ — V~ is 4 — i. 

Since D contains no 3-spurs and at most 2 i-spurs for i < 2, the 
inequality 

V^ -V- >Q 

implies that if Di has more than one face then Di has exactly two 
1-spurs, say Fi,F2. If we erase Fi we obtain a diagram D2 which is 
again C(6). We note that Fi intersects exactly one face of Di so after 
erasing it the diagram D2 has still the other 1-spur of Di and at most 
one new i-spur for some i < 3. By the inequality V^ > V^ + 6 again 
we conclude as before that either D2 has only one face or it has exactly 
two 1-spurs F2,F^. Inductively we see that Di is a ladder hence D is 
also a ladder. D 

We will need a more technical result. If i; is a vertex in a diagram we 
denote by dy the valency of v. The result below will be used to show 
that small cancellation products of word hyperbolic groups are word 
hyperbolic. 

Lemma 2.3. Let D he a non singular diagram that verifies the condi- 
tion C{7). Then 

Z^ 9 7 - 7 



3^2 7 



In particular 



F <3E' + 3V 

i.e. D satisfies a linear isoperimetric inequality. 



CODIMENSION ONE SUBGROUPS AND BOUNDARIES OF HYPERBOLIC GROUPS 

Proof. We denote by D° the set of vertices of D (the 0-skeleton). 
Clearly 

v&DO 

We have also the following inequality: 



7F < 2E° + E* 

This is because each face has at least 7 edges and each interior edge 
lies in at most 2 faces while boundary edges lie in one face. 
Using Euler's formula and the inequality above we obtain: 

E* 2E° 

E + l = V + F<V' + — + V° + ^ (2) 

Since (ii, > 3 for every v in the interior of D: 

2 -3^2 

veD" veDO 



By (1) and (2) we have 



Since 



we have 



3 Z^ 2 7 - 7 ^ ^ 

v&DO 



1 ^^ dv E° 

3 ^ T - T 

vGDO 



1 ^ 4 2E° E° 3F E* 

3 ^ Y T~ - 42 - ~~ 84 

veDO 



and using (3) 



2/^* 3F /^* 

V + ^- > ^ F < 3E* + 3\/' 

7 ~ 7 84 



D 
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3. Small cancellation theory over free products 

Small cancellation theory can be developed over free products (see 
[1]). We show in this section that small cancellation products have 
codimension 1 subgroups. This generalizes a result of Wise ([H]). We 
recall that the free product factors embed in small cancellation products 
([^ cor. 9.4, p. 278). Osin ([5], lemma 4.4) showed that free product 
factors embed quasi-isometrically in small cancellation products (this 
also follows from [5]). For the reader's convenience we include a proof 
of this below. 

Definition . Let < S\R > be a presentation of a group G. We say 
that < S\R > is symmetrized if for any r = yi...y„ G i? all n cyclic 
permutations of r are also in R and r~^ is in R too. We assume that 
all elements of R are reduced words. If ri = cb, r2 = ca and the words 
cb, ca are reduced we call c a piece of the presentation. 

Let now < S\R> he a symmetrized presentation. We have then the 
following small cancellation conditions: 

• Condition C'{X): If r G -R and r = cb with cb reduced word and 
c a piece then \c\ < X\r\. 

• Condition C{p): No element of i? is a product of fewer than p 
pieces. 

• Condition B{2p): li r = ab and a is a product of p pieces then 
\a\ < \r\/2. 

Wise showed in [TT] that groups that admit a presentation in which 
all relators have even length and condition -8(6) is satisfied, have codi- 
mension 1 subgroups. Clearly condition C"(l/6) is stronger than con- 
dition -8(6) so Wise's result holds for these groups too. 

We recall now how that the small cancellation conditions can be 
given for free products too (P] ch V, sec. 9). Let G be the free product 
of the groups Ai. 

We say that a word ai...a„ is reduced if each Qj represents an element 
of one of the Ai and a^, Oj+i belong to different factors for any j. Any 
element g E G can be represented in a unique way as a reduced word 
(normal form oi g). li g = ai...a„ is the normal form of g we define 
115^11 = n. If M = ai...a„,t> = bi...bk are reduced words we say that the 
word uv = ai...anbi...bk is semi-reduced if anbi ^ e. Note however that 
On, &i might lie in the same factor. We say that a word w = ai...a„ is 
weakly cyclically reduced if it is reduced and a~^ai ^ e. We say that 
a sequence of words R is symmetrized if whenever r G -R all weakly 
cyclically reduced conjugates of r and r~^ are in R. We say that c is a 
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piece if there are distinct ri, r2 G R such that ri = ca, r2 = cb and the 
words ca,cb are semi-reduced. As before we have the condition C"(A): 

Condition C'{X): If r G i? and r = cb with cb semi-reduced word 
and c a piece then ||c|| < A||r||. 

Let now F be a free product F = *Ai and let i? be a symmetrized 
subset of F. The group G defined by the free product presentation 

< F|_R > is the quotient 

G = F/ «R» 

where << i? >> is the normal closure of R in F. 

We show now that if a group G has a free product presentation 

< F\R > that satisfies the C"(l/6) condition then G has a codimension 
1 subgroup. We start first by considering van-Kampen diagrams over 
G. We consider a usual presentation of G with a set of generators S 
given by the generators of A'^^s and a set of relators consisting of relators 
of the A'-s together with a set R' such that R is obtained by taking all 
weak cyclic conjugates of elements in R' and their inverses. If R' is 
finite we say that G has a finite free product presentation. Let now w 
be a word in S representing the identity in G. Let D he a. reduced Van- 
Kampen diagram for w for the presentation given above. We remark 
that if p is a simple closed path in the 1-skeleton of D such that all edges 
oip lie in a single factor Ai then the word corresponding to p represents 
the identity in A^ (see pE], cor. 9.4). Call such a simple closed path 
maximal if there is no other such simple closed path q in the interior of 
p. We modify now the diagram D as follows: For each maximal simple 
closed path p we erase all edges of p and all edges of D inside p and 
we introduce a new vertex Vp which we join with all vertices of p. Now 
each edge e of p has been replaced by two edges ei, 62. We label ei, 62 
by elements of Ai so that the product of their labels is equal to the label 
of e. This is clearly possible since p corresponds to the trivial element 
in Ai. We are allowed here to label an edge by the identity. After this 
operation some of the edges of D are 'subdivided'. We subdivide the 
rest of the edges of D so that the labels of the new edges lie in the 
same factor as the old ones and the product of their labels is equal to 
the label of the old edge. We call this diagram van-Kampen diagram 
over the free product. 

We remark now that the G'{X) condition holds for this new diagram, 
i.e. if Ri, i?2 are adjacent regions of the diagram then 

length{Ri fl -R2) < Xmm{length{dRi), length{dR2)) 

Theorem 3.1. Let G be a finitely generated group with a finite free 
product C' (1/6) presentation < F\R' >. Assume further that allr G R' 
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are cyclically reduced words and \\r\\ has even length. Then G has a 
codimension 1 subgroup. 

Proof. We construct a complex for G as usual. li F = *Ai and Ki are 
complexes with a single vertex Xj such that TTi{Ki,Xi) = Ai we take 
the wedge product of the K'^s identifying all Xj's. For each r G -R' we 
glue a 2-cell to \/Ki in the obvious way to obtain a complex K such 
that '7ii{K,x) = G. We argue now in a way similar to Wise ([TT]). 
We slightly change approach and we consider bouquets of circles that 
go through X rather than tracks. We explain now how we construct a 
bouquet of circles T which will give the codimension 1 subgroup. 

Let r = ai...a2n be the normal form in F of r G R'. We represent the 
2-cell c{r) corresponding to r as a polygon where the a'^s are the labels 
of the sides of this polygon. The bouquet of circles has a single vertex 
X and a set of edges corresponding to 'diagonals' of these polygons. We 
fix r G -R' as above we pick the diagonal joining the beginning of the 
Oi-edge to the vertex opposite to it, i.e. the end of the a„ edge. 

We remark now that since c{r) has an even number of sides each 
vertex has a vertex opposite to it, so we associate to this vertex the 
diagonal joining it with the opposite vertex. We remark that any vertex 
is determined by the edges adjacent to it. For example the beginning 
of the oi edge is the vertex corresponding to the consecutive edges 
a2„,ai. We consider now the equivalence relation on vertices of the 
c{rys generated by the following relation: The vertex 6j,6j+i of c(ri) 
is equivalent to the vertex Cj,Cj+i of c(r2) if 6i,6j+i lie in the same 
free factors as Cj, Cj+i. We remark that ri might be equal to r2 in this 
definition. 

Now for each r we consider all vertices equivalent to the vertices of 
the chosen diagonal. We add to the bouquet of circles all diagonals 
corresponding to these vertices and we call the graph obtained in this 
way r. We remark that F is a bouquet of circles if we see it as an 
abstract graph but if we see it as immersed in K its edges are likely to 
intersect each other in the middle point of the polygons. 

F corresponds to a subgroup of G. Indeed each diagonal gives a 
generator, for example the diagonal joining ai,a„ gives the generator 
aia2...a„. Let's call this subgroup H. We will show that if is a codi- 
mension 1 subgroup of G. 

Lemma 3.2. There is a tree T G K which has as edges diagonals 
of 2-cells which is invariant under H . F separates K in at least 2 
components. 

Proof. Let v G K he a. vertex. We define now a connected graph in K 
as follows: We say that two vertices are related if they are opposite. 
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We take the equivalence relation generated by this relation and we 
consider the equivalence class of v. Let T be the graph obtained by 
joining opposite vertices in this equivalence class by diagonals. We 
claim that F is a tree. If it is not a tree then there is a path p in 
r such that both endpoints of p lie on the same 2-cell of R' and p is 
not a single edge (a diagonal). Let's say a,b are the endpoints of p 
and they lie on a 2-cell a. Let g be a path on da joining a, b. We 
may assume q to have minimal normal form length in the free product 
among the 2 possible paths. Now p U g is a closed loop. We change 
now p by replacing each diagonal by the corresponding path on the 
boundary on which the diagonal lie. We note that we have two choices 
and we replace the diagonals so that the path we obtain by replacing 
all of them corresponds to a reduced word of F. Let p' be the path we 
obtain in this way. We may arrange also that p' U q is reduced at the 
vertex a (unless a = b). We consider now the van-Kampen diagram 
over the free product for p' U q and we remark that if it has an z-spur 
for i < 2 then the boundary of this i-spur contains a neighborhood of 
the vertex b. But this contradicts Corollary 12.21 It follows that F is 
a tree. By construction F is invariant under H and separates locally 
(hence also globally) K. 

D 

The first part of the next lemma follows also from work of Osin ( [5] , 
see also [3]). We include a proof here for the sake of completeness. 

Lemma 3.3. The vertex groups Ai and H embed quasi-isometrically 
in G. H is a codimension 1 subgroup of G. 

Proof. Let a be a geodesic word in the Cayley graph of Ai. We will 
show that a is a quasi-geodesic in K. Let 5* be the generating set of G 
and let \w\ be the length of a word in S. Let 

M = max{|r| : r G R'} 

We define a new length function L for words of S: 

L{w) = M\\w\\ + \w\ 

It is clear that an L-geodesic is a quasi-geodesic. 

Indeed let p be a geodesic in the 1-skeleton of K with respect to 
the length function L with the same endpoints as a. We consider the 
van-Kampen diagram over the free product for aU p. We may assume 
that a n j9 is equal to the endpoints of a, p since along the intersection 
of a, p, a is quasi-geodesic. 

We remark now that this diagram has at most 2 i-spurs (for i < 2), 
corresponding to the endpoints of p so by corollary 12.21 this diagram is 
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a ladder. By considering now the usual van-Kampen diagram for aUp 
we have that |a| < M|p| so a is quasi-geodesic. 

We prove now that H is quasi-isometrically embedded. Since H acts 
freely on F it is enough to show that F is quasi-isometrically embedded. 
Let p be a geodesic path in F joining two vertices v, u of F. 

We change p by replacing each diagonal by the corresponding path on 
the boundary of the cell on which lies the diagonal. We pick this path 
so that the word of F corresponding to the path is reduced. Let p' be 
the path we obtain in this way. Let q be an L-geodesic path joining v, u. 
As before we may assume that p', q intersect only at their endpoints. 
Again by the definition of p', q if we consider the van-Kampen diagram 
over the free product for p' U q we remark that it has at most 2 i- 
spurs for i < 2. Hence this diagram is a ladder. By considering the 
usual van-Kampen diagram we have that length{p') < Mlength{q). 
Since g is a quasi-geodesic we have that p' is a quasi-geodesic, so H is 
quasi-isometrically embedded. 

Finally we show that if is a codimension 1 subgroup. It suffices 
to show that F separates K in at least 2 components which are not 
contained in a finite neighborhood of F. By its definition F separates 
locally K. Since K is simply connected, F separates K. 

We introduce now some useful terminology. Let r E R' and let 
CiC2...c„ be the normal form of r in F. Recall that r is cyclically 
reduced. Let k be smallest such that 

n 

||ci...Ca;|| > — 

6 

We say then that ci...Ck is a piece of r. Similarly we define pieces of all 
cychc permutations of CiC2...c„. 

Let -R be a 2-cell in K which intersects F on an edge e. Let v, u be 
the vertices of e. 

Let CiC2...c„ be the label of R starting from v and written in free 
product normal form. Let s be the vertex corresponding to the end- 
point of a piece pi = ci...Ck oi R starting at v. We construct a path 
starting from v and lying in the same component of X — F as s. The 
path starts by pi. At s we continue pi by a piece p2 of another 2-cell i?2 
corresponding to r2 G i?'. We pick R2 ^ R and so that pip2 is reduced 
in F. We continue inductively in the same way picking each time a 
new 2-cell and a piece so that the word we obtain is reduced in F. Let 
P = pi-.-Pn be the path we obtain after n steps. If s„ is the endpoint 
of pi...pn we claim that (i(s„, F) — > cxo as n -^ 00. Indeed let g be a 
geodesic joining s„ to a closest vertex t G F. We consider a geodesic 7 
in F joining v to t. 
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We distinguish now two cases. Assume first that u does not he on 
7. We change 7 by replacing each diagonal by the corresponding path 
on the boundary on which the diagonal lie to obtain a path 7'. We 
make these replacements so that the word of F corresponding to the 
new path is reduced and Pi^'j' corresponds also to a reduced word in 
F. Clearly this is possible since we have two choices for replacing each 
diagonal and the normal form of each starts from a different free factor. 
We consider now the loop 

Since q is geodesic the van-Kampen diagram for free products for this 
loop has at most 2 i-spurs with i < 2 which appear around the end- 
points of q. It follows that this diagram is a ladder (see corollary 12.21) 
hence the lengths of q and /9 U 7' are comparable so the length of q goes 
to infinity a.s n —>■ 00. 

We deal now with the second case, i.e. we assume that u lies on 
7. We modify then pi...p„ as follows. We replace pi by the path gi 
on the boundary of R joining s to u. We note that the new path 
P' = (liP2---Pn might not be reduced at the endpoint of gi. We replace 
7 by a path 7' in the 1-skeleton of K as before so that qi^y is reduced 
in the free product F. We remark that the van-Kampen diagram over 
free products for the loop 

P'U-f'Uq 

is a ladder in this case too hence the length of q goes to infinity as 
n — > cxD. 

Similarly we construct we see that the component oi R — T that does 
not contain v is not contained in a finite neighborhood of F. It follows 
that H is co-dimension 1. D 

D 

4. The example 

Theorem 4.1. Given any n > there is a one-ended hyperbolic group 
G such that 

• dimdG > n 

• dG is separated by a Cantor set. 

• G does not split. 

Proof. Let A be a torsion free 1-ended hyperbolic group with property 
T and such that dim{dA) > n (eg a lattice in Sp{n, 1)). Let's say 
A =< ai, ...,ak >■ We may assume that a^ 7^ a^ for any i ^ j and 
m,r > 0. We take now another copy of A. For notational convenience 
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we denote the second copy by B and its generators by < bi,...,bk >■ 
We consider now the free product A * B and we define G to be the 
small cancellation quotient oi A* B given by the relations: 

rij = {a.fij){aih]){aihfj{a,ibfj l<i,j<k 

By theorem 13.11 of the previous section G has a free codimension 1 
subgroup H. As we showed in the proof of the theorem H is quasi- 
isometrically embedded so a Cantor set separates dG. We show now 
that G has property FA (i.e. it does not split). Clearly G is not an 
HNN extension since the abelianization of A is trivial, so the abelian- 
ization of G is trivial. We show now that G does not split as an 
amalgamated product. Let's say G = X *cY. Without loss of gener- 
ality we may assume that A G X and B C gXg~^ or 5 C gYg~^. Let 
g = xi...Xn be the normal form of G in the free product decomposition. 
By replacing A, B by conjugates we may assume that either g = 1 and 
B G Y or xi ^ X . However we see then that the word 

Tij = {aihj){a.fi'^){a.fifj{aih'^) 

is reduced in X *cY unless a^ or hj is in C . As all rjj are equal to the 
identity this implies that A = C and B contained in Y ot B = G and 
A contained in X but in both cases, the splitting would be trivial. 

We claim finally that G is hyperbolic. Indeed this follows by lemma 
4.4 of [5], and [^. For the reader's convenience we sketch a proof 
here using lemma 12. 3[ It is enough to show that G satisfies a linear 
isoperimetric inequality. Let w be a word on the generators of G and let 
D he a. reduced van-Kampen diagram for G. As we describe in section 
3 one obtains from D a new diagram, let's say Di, which is called the 
diagram for w over the free product. Since A, B are hyperbolic they 
satisfy some isoperimetric inequality of the form 

A{p) < Kl{p) 

for any simple closed path p in the Cayley graph of A or of 5. 

It follows that if p is a simple closed path of D such that all edges 
of p lie in A (or in B) and if v is the vertex of Di that we obtain by 
collapsing p to a point then 

4 = l{p) > ^A{p) 
where dy is the degree of v. It follows that 

A{D) <A{Di) + Kj2dv 
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From lemma 12.31 we have the following inequality for the diagram 

Dr. 

1 v^ ±, 2E° _. E' 



We have 



so 



3^2 7 - 7 

n 2 ~ 7-7^2 



1 ^^ — \ dy 1E° 1 ^^ — \ 

3 ^ y T - 42 ^ 2 

We have also l{dDi) < l{dD) and V',E' < l{dD). So from lemma 
we have 

A{Di) < Ql{dD) 



and 



J2dv< 42V + 7E' 

v€D° 



SO 



A{D) < (6 + 4:9K)l{dD) 

In other words G verifies a linear isoperimetric inequality, so it is hy- 
perbolic. 

D 

Remark 1. The above example shows also that for any n there is 
a finitely presented group G with asdiniG > n which is separated 
coarsely by a uniformly embedded set H of asdimH = 1 and which 
does not split. This answers a question in [TO] . 
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